The present paper is devoted to the study of the incompressible Euler limit of the Boltzmann equation via the relative entropy method. It extends the convergence result for well-prepared initial data obtained by the author in [L. Saint-Raymond, Convergence of solutions to the Boltzmann equation in the incompressible Euler limit, Arch. Ration. Mech. Anal. 166 (2003) 47-80]. It explains especially how to take into account the acoustic waves and relaxation layer, and thus to obtain convergence results under weak assumptions on the initial data.
The main point is indeed to obtain a refined description of the asymptotics taking into account both the relaxation in the initial layer and the acoustic waves.
The subsequent modifications of the stability inequality are then very similar to those arising when taking into account fast oscillations of small amplitudes in energy methods (see for instance [17] or [30] ).
The relative entropy method

Strategy of the relative entropy method
The main idea behind energy and entropy methods is to compare the distribution under consideration and its formal asymptotics in some appropriate metrics, and then to prove that this quantity tends to zero at the limit.
For the study of hydrodynamic limits of the Boltzmann equation, this program is applied as follows • Step 1: The functional which measures the stability for the solutions f to the scaled Boltzmann equation is obtained naturally from the relative entropy
where M is some reference global equilibrium, for instance the reduced centered Gaussian: 2 2 .
This functional is indeed a nonnegative Lyapunov functional for the Boltzmann equation. It further controls the size of the fluctuation in incompressible regimes
(which is not the case of the L 1 -norm).
Note that the idea of using the notion of relative entropy for this kind of problems goes back to C. Bardos, F. Golse and C.D. Levermore who introduce the notion of entropic convergence in [3] , and independently to Yau for his elegant derivation of the hydrodynamic limit of the Ginzburg-Landau lattice model [31] .
• Step 2: The approximate solution is then determined by formal arguments, coupling expansions such as the Hilbert or Chapman-Enskog expansions [21, 8] , filtering methods [30, 17] and study of the boundary layers [25, 10] . It depends of course of the scaling of the Boltzmann equation.
In the regime we consider here, i.e. in the regime leading to the incompressible Euler equations, and assuming specular reflection at the boundary, we expect the approximate solutions to be decomposed as the sum of
• a purely kinetic part (determined by the relaxation process in the initial layer);
• a fast oscillating hydrodynamic part (governed by the acoustic equations);
• a nonoscillating hydrodynamic part (obtained by formal expansion of Hilbert or Chapman-Enskog's type) satisfying the incompressible Euler equations, supplemented by some suitable equation for the temperature.
For a formal derivation of this asymptotics including a brief justification of the suitable scaling, we refer to Appendix C and the references therein.
• Step 3: The convergence is then obtained in the form of some stability inequality on the modulated entropy defined by
This is of course the main difficult step, which requires many technical computations and estimates, and where the theory of the Boltzmann equation under consideration plays a crucial role.
Convergence results for the renormalized solutions to the scaled Boltzmann equation
Given the state of the art about renormalized solutions to the Boltzmann equation, we are actually able to establish only a very partial convergence result.
Before stating more precisely that convergence result, let us introduce the usual notations and assumptions regarding the Boltzmann equation:
The collision integral is given by Throughout this paper, we shall henceforth follow this well-established usage. The theory of renormalized solutions in this framework is due to Lions [22] following the fundamental paper by Di Perna and Lions [13] . In order to study hydrodynamic limits, we also need some later improvements of the theory due to Lions and Masmoudi [23] (introduction of a defect measure to recover the local conservation of momentum) and to Mischler [26] (extension to spatial domains with boundaries). A compendium of these results can be found for instance in [29] : 
f (t, x, v) = f t, x, v − 2 v · n(x) n(x) .
Moreover, f satisfies where the entropy dissipation D(f ) is defined by
In such a framework, the incompressible Euler asymptotics has been established for well-prepared initial data, that is in the case when the purely kinetic part, the fast oscillating hydrodynamic part and the nonoscillating part of both the density and temperature vanish asymptotically. Up to some standard change of variables, we can always assume that the macroscopic density and the temperature are identically equal to 1. With the notations of Section 1.1, we then choose f app to be the Maxwellian distribution with unit mass and variance, centered at u f app (t, x, v) = M 1, u(t,x),1 (v) = 1 (2π) 3/2 exp − |v − u| 2 2 ,
where is the order of magnitude of the Mach number and u is the limiting bulk velocity. Furthermore we only consider asymptotics leading to smooth solutions u of the incompressible Euler equations without Prandtl boundary layers.
More precisely the convergence result established in [28] can be stated as follows Theorem 1.2. Let Ω be some smooth domain of R 3 (possibly the whole space R 3 ), or the three-dimensional torus T 3 . Let f in ∈ L 1 loc (Ω ×R 3 ) be a family of initial fluctuations around some global equilibrium M ( for instance the centered reduced Gaussian), i.e. satisfying 9) and such that
for some given divergence-free smooth vector field u in ∈ L 2 (Ω). Let f be a family of renormalized solutions to the scaled Boltzmann equation
where q > 1, supplemented with the condition of specular reflection on
Then the family of fluctuations g defined by
, and any limit point g of (g ) is an infinitesimal Maxwellian
Furthermore u coincides with the Lipschitz solution to the incompressible Euler equations
as long as the latter does exist.
• Let us just mention that the first result obtained in this framework is due to Golse: in [5] , the convergence of renormalized solutions of the scaled Boltzmann equation to solutions of the incompressible Euler equations is established for well-prepared data assuming further (i) the local conservation of momentum which is not guaranteed for renormalized solutions of the Boltzmann equation; and (ii) some nonlinear estimate, namely
which provides both a control on large velocities, and some equiintegrability with respect to space variables.
The proof is based on the following stability inequality
satisfied under assumption (i), for all t ∈ [0, T ) and all smooth solenoidal vector field w ∈ C ∞ c ([0, T ] × Ω), where A is the acceleration operator defined by
(1.14)
The control of the last term in the right-hand side of (1.13) is then obtained from assumption (ii).
• Assumption (i) was removed by Lions and Masmoudi in [23] ; their argument uses the local momentum conservation with nonnegative matrix-valued defect measure satisfied by renormalized solutions of the Boltzmann equation. Inequality (1.13) is then replaced by
That the defect measure 1 2 m vanishes in the incompressible Euler limit follows from the strong convergence result to be proved.
• Assumption (ii) was removed by the author first in the framework of the BGK equation [27] , then in the case of the original Boltzmann equation [28] using refined dissipation estimates. The main idea is to introduce a suitable decomposition of the momentum flux, and estimate each term in that decomposition either by the modulated entropy, or by the entropy dissipation. One therefore proves
In other words, the argument is based on loop estimates instead of a priori estimates, and the conclusion follows from Gronwall's inequality.
About the assumptions on the initial data
The aim of this paper is to provide answers and tools to current limitations on the understanding of the incompressible Euler limit of the Boltzmann equation. More precisely, our goal is to isolate problems of technical order (which come from the lack of physical estimates for the renormalized solutions to the Boltzmann equation) from difficulties linked to the physics of the system.
Note that the condition (1.10) in Theorem 1.2 is a very strong assumption on the family of initial data, meaning that "well-prepared" has to be understood in the following sense.
• We first require that the initial distribution has a velocity profile close to local thermodynamic equilibrium, or in other words that
in entropic sense, in order that there is no relaxation layer.
• We then ask the limiting initial thermodynamic fields to satisfy the incompressibility and Boussinesq constraints
which ensures that there is no acoustic wave. We further require that the initial temperature fluctuation (and thus mass fluctuation) is negligible
We therefore expect the temperature fluctuation to remain negligible.
• We finally need some spatial regularity on the limiting bulk velocity, more precisely we require some Lipschitz continuity.
We are thus able to consider very general initial data (satisfying only the physical estimate (1.9)), but in the vicinity of a small set of asymptotic distributions.
A natural question is then to know whether or not it is possible to get rid of these restrictions on the asymptotic distribution. We will see that the first two assumptions come actually from the poor understanding of the Boltzmann equation, in particular from the fact that renormalized solutions to the Boltzmann equation are not known to satisfy the local conservation of energy (the heat flux is not even defined), whereas the last assumption concerning the regularity of the limiting distribution is inherent to the modulated entropy method.
Considering solutions to the Boltzmann equation satisfying rigorously the basic physical properties, we can expect to control the energy flux and extend the convergence result to take into account acoustic waves. In order to also deal with the relaxation layer, we further need to understand the dissipation mechanism, which should be done by slight modifications of the method.
To close estimates in both cases, we will need an additional assumption on large velocities and large tails of the solutions of the Boltzmann equation. We will therefore consider a stronger notion of solutions (for instance the solutions built by Guo [19, 20] ) which ensures the (nonuniform) required controls, and we will establish in this framework a convergence result without restriction on the initial data, i.e. without assuming any profile condition or thermodynamic constraints.
However, obtaining full proofs valid in all physical configurations remain a challenging open problem, due in particular to our limited knowledge concerning the solutions of the 3D incompressible Euler equations.
The first restriction is due to the apparition of Prandtl boundary layers (coming from the incompatibility between the braking boundary condition and the inviscid motion equation) which are generally unstable [18] , meaning that the formal asymptotics is not expected to provide a good approximation.
The second restriction is inherent to the relative entropy method in its present form: flux terms are estimated in terms of the modulated entropy, which requires a Lipschitz bound on the solution of the target equations. In order to extend the method to the study of discontinuous asymptotics, one should probably modulate both the entropy and the entropy dissipation, and use the local version (in t and x) of the entropy inequality:
Note that such a generalization of the relative entropy method, combined for instance with the weak notion of solution to the one-dimensional Boltzmann equation [7, 4] , should offer perspectives for compressible hydrodynamic limits.
Description of the main results
Control of large tails and large velocities
Before stating our main theorem, let us briefly explain the difficulties encountered in extending the previous convergence result.
We have seen that dealing with the well-prepared case requires to control the momentum flux, that is more or less to obtain a bound on the quantity arising in assumption (ii). When considering more general initial data, we will have to control the energy flux, that is a moment of order 3 of the distribution. Indeed we know that, even if the initial temperature fluctuation is negligible, acoustic waves will couple all thermodynamic fields.
Such a control on g |v| 3 cannot come from the relative entropy (since Young's inequality is saturated with a factor |v| 2 ). However, it is clear that, for Maxwellian distributions, the relative entropy controls all moments. The basic idea (as in [28] ) is therefore to use a decomposition of Chapman-Enskog's type and to control the distance to local equilibrium by the entropy dissipation, which requires to have some (nonuniform) control on large tails at our disposal. That control will appear in our statement as an additional assumption, which can be removed by considering a suitable notion of solution to the Boltzmann equation.
The incompressible Euler limit: convergence result
Theorem 2.1. Let Ω be some smooth bounded domain of R 3 , or the three-dimensional torus T 3 . Let f in be a family of measurable nonnegative functions on Ω × R 3 satisfying the scaling condition (1.9)
Assume furthermore that the fluctuations g in defined by
Let f be some family of solutions to the scaled Boltzmann equation
with q > 1, supplemented with the condition of specular reflection on
Assume that there exists some nonnegative constant C such that, for all
Then the family of fluctuations
, and any limit point g of (g ) as → 0 is an infinitesimal Maxwellian
where (u, θ ) coincides with the Lipschitz solution to the incompressible Euler equations
as long as the latter does exist, say on [0, T * ). Furthermore the difference g − g behaves asymptotically as
where (ρ osc , u osc , θ osc ) is the oscillating solution of the acoustic system (3.11) with initial data
Remark 2.2.
(i) The estimate (2.3) giving some control on large tails is satisfied for instance by the classical solutions of the Boltzmann equation built by Guo when Ω = T 3 [19] or Ω = R 3 [20] . Of course for such solutions the local conservation laws are satisfied. (ii) The acoustic system (3.11) governing the oscillating part of the distribution becomes linear (with coefficients depending on the nonoscillating part g) if there is no other resonance between acoustic waves than the trivial ones. (iii) In the case of unbounded domains, the linear penalization in (3.11) admits also continuous spectrum S c : we therefore expect the corresponding part of the solution λ∈S c Π λ (ρ, u, θ) dμ(λ) to satisfy some dispersion property, and to converge strongly to 0 by Strichartz estimates (see [14] for a review on that topic). The oscillating part is then obtained by considering the projection of (ρ, u, θ) on the subspace generated by the eigenmodes of the acoustic penalization (ρ osc , u osc , θ osc ) = λ∈S p Π λ (ρ, u, θ) . For the sake of simplicity, we restrict here our attention to the case when S c = ∅. However a similar result can be proved in any smooth domain (see Remark 3.4 in the next section for the case of R 3 ). (iv) Note that the purely kinetic part does not appear in that convergence statement since its contribution to the
) norm is negligible. The entropic convergence we will establish is actually stronger.
Taking into account acoustic waves
The modulated entropy inequality
Since acoustic waves only contribute to the hydrodynamic part of the distribution, relaxing the constraints on the initial thermodynamic fields does not require strong modifications of the method.
Outside from the initial layer, the strategy consists then in modulating the entropy by any fluctuation of Maxwellian (without any restriction on the moments). We then expect the modulated entropy inequality to differ from the usual one by some penalization arising in the acceleration operator. More precisely, we have the following 
for some acceleration operator A (ρ, u, θ) to be defined by (3.10).
Proof. Start from the entropy inequality satisfied by the solution of the scaled Boltzmann equation with specular reflection at the boundary:
By definition of the modulated entropy (1.1) and of the approximate solution (3.1), we then have
with
Using the continuity equation
It is then natural to define the acceleration operator
so that the inequality can be recasted in suitable form
Plugging this last inequality in (3.4) leads to the announced result. Note that the acceleration operator defined by (3.10) differs from the usual one (1.14) (defined for well-prepared initial data) by some penalization forcing the weak limit to satisfy the constraints
Note that the proof of Proposition 3.1 does not require any assumption on the spatial domain Ω.
Construction of the approximate solution
The next step is to construct a sequence of approximate solutions (ρ , u , θ ) to the systems
or in other words to the systems
More precisely, we will require that
One of the difficulty here (in comparison with classical penalization problems) is that we further need that these approximate solutions conserve the total mass at higher order 1
(Note that, for exact solutions, the total mass is exactly conserved.) Such a construction is done by a filtering method, i.e. considering the family W( t ) (ρ , u , θ ) where W is the semigroup generated by the linear penalization operator W defined by
The first order approximation is then obtained by taking (strong ) limits in the filtered system. Nevertheless, because of the high frequency oscillations, we do not expect the error in this first order approximation to converge strongly to 0.
We therefore have to add some correctors (i.e. the second order approximation) in order to establish the convergence statement (3.12).
More precisely, we have the following
. Then there exist some T > 0, and some family (ρ N , u N 
Proof.
• Let us first introduce some notations to recast the system
in a suitable form. For any V = (ρ, u, θ) we define the symmetric bilinear form B by
We are therefore interested in the (approximate) solutions to
which are also approximate solutions (in the sense of (3.16)) to
Let us also recall that we further need that these approximate solutions satisfy some global conservation of mass (3.17). Let us then conjugate the system by the semi-group W( t ) generated by W
denoting byṼ the filtered fieldṼ = W( t )V . We therefore expect the solutions (and approximate solutions) to (3.18) to have a very different behaviour depending on the nature of the spectrum of W . In the case when Ω is a smooth bounded domain, (Id − Δ) −1 is a compact operator with discrete spectrum, from which we deduce that W has discrete spectrum. The (formal) limit system depends therefore on the resonances between acoustic modes. In the case when Ω is an exterior domain, the Laplacian has continuous spectrum and one can prove using dispersion properties that the corresponding acoustic waves converge strongly to 0.
• Let us focus on the case of bounded domains. Let (iλ k ) be the sequence of eigenvalues of W corresponding to the boundary condition of Neumann type
(see Appendix A.1 for a detailed study of the spectrum of W ). Denote by Π λ the projection on Ker(W − λ Id).
Note that a similar diagonalization result holds in the case of the torus T 3 , so that all that follows can be extended in that case.
At leading order, we then obtain
denoting by B W the limiting quadratic operator defined by
An algebraic computation (which is the basic argument in the compensated compactness method, see [24] for instance) shows that, for all λ, μ = 0
Indeed we have the following formula for Π 0
Then, with the notations
since ∇ x ∧ u λ = 0 and 3θ λ − 2ρ λ = 0. In other words the equation governing the nonoscillating part can be decoupled from the rest of the system
which can be rewritten
where
A classical study based on harmonic analysis (see [14] for instance, and Appendix A.3 for a brief summary) allows to prove that (3.19) has a unique strong solution
(see Appendix A.2 for more details). Note that
Remarking that, for all λ = 0,
Furthermore, the projection J N defined by (A.2) (which is a L 2 projection on a finite dimensional subset of
and
Note however thatṼ 0 (and consequentlyṼ N 0 = J NṼ0 ) is not an approximate solution to (3.18) in the sense of (3.16). We have indeed
where the last term is expected to be an oscillating term, that is to converge weakly but not strongly to 0. We therefore need to build the second order approximation.
The second order approximation V N 1 is defined bỹ
so that
From the bounds onṼ 0 (which are clearly inherited byṼ N 0 ) and the definition of B, we deduce that, for all N > 0 and
(with an estimate depending on N ), and that, for all
It remains then to check thatṼ N 0 + Ṽ N 1 is an approximate solution to (3.18) in a strong sense.
From the uniform bound onṼ N 0 and the convergenceṼ N 0 →Ṽ 0 we deduce that the first three terms in the right-hand side of the previous identity go to zero as N → ∞. For fixed N , using the (nonuniform) estimates onṼ N 0 andṼ N 1 and the bound from below on |λ k − λ k 1 − λ k 2 |, we obtain that the three other terms go to zero as → 0. We conclude that
is an approximate solution to (3.18) in the sense of (3.16). However it does not satisfy the (approximate) global conservation of mass (3.17).
Indeed we have proved that the oscillating modes have zero total mass (see (3.23) ) and that the equation governing the nonoscillating part ofṼ 0 is conservative, from which we deduce that the first three terms in the right-hand side of (3.25) have no contribution to the variation of the total mass. But the last two terms are expected to give some variation of the total mass of order , which is not admissible for (3.17) to hold.
We therefore need to build some third order approximation. The third order approximationṼ N 2 is then defined bỹ
From the bounds onṼ N 0 andṼ N 1 , we get the required regularity estimate onṼ N 2 (depending on N ). The same type of computations as (3.25) shows that, for fixed N ,
is an approximate solution to (3.18) in the sense of (3.16). It remains then to check that the total mass is approximatively conserved in the sense of (3.17) . Let us first recall that the only contribution to the total mass comes from the nonoscillating part. We can prove that
using the fact (see (3.21) ) that for λ k 1 = 0 and λ k 2 = 0,
Integrating the first component with respect to x, we obtain that the total mass is conserved up to order 2.
In particular, denoting
which tends to zero as → 0 for any fixed N . 2 Remark 3.4. In the case when Ω = R 3 , the construction of the sequence of approximate solutions is actually much simpler. The point is to see that the acoustic waves generated by the linear penalization satisfy some dispersion property, and consequently converge strongly to zero by Strichartz estimates. In particular, one does not need to consider precisely the coupling resulting from the nonlinearity. Using Duhamel's formula, one can indeed prove that the corresponding contribution converges strongly to zero. For a detailed study regarding that case, we refer for instance to [12] .
Combining that result with our general method of proof (Proposition 3.1 and final arguments in Section 3.3) should lead to the following convergence statement in R 3 : the family of fluctuations (g ) defined by f = M(1 + g ) converges entropically on ]0, T * [ to the infinitesimal Maxwellian
where (u, θ ) is the Lipschitz solution on [0, T * [ to the incompressible Euler equations (2.4).
Convergence proof
The previous results on the sequence of approximate solutions to A (ρ, u, θ) = 0 should allow to control the acceleration term in the relative entropy inequality (3.2). In order to obtain a stability inequality, we need then to obtain some control on the flux term. 
where the constant C depends only on the L ∞ norm of (ρ, u, θ).
Proof. Such an estimate relies on some suitable decomposition of the flux term which is very similar to ChapmanEnskog's expansion, and which is also used to study the weak Navier-Stokes limit of the Boltzmann equation (see [15] ).
• More precisely we introduce the renormalized fluctuation
The interest in considering such a renormalized fluctuation is that its L 2 norm is controlled by the modulated entropy:
It therefore makes sense to use the Hilbertian theory of the linearized collision operator L defined by
In particular, L is known to satisfy the Fredholm alternative, from which we deduce that there existsΦ andΨ in
One has therefore 1
where the last term can be controlled by the entropy dissipation. The suitable decomposition is more precisely
and similarly
• In both decompositions (3.29) and (3.30) the last term is controlled by the entropy dissipation in the following way.
From the functional inequality (z − y) log z y
4(
Thus, by the Cauchy-Schwarz inequality,
denoting as usual by ν the collision frequency defined by
The classical theory of the linearized Boltzmann operator L established by Grad [16] implies on the other hand that
(see Appendix B.1 for a review of the main results).
.
• The other terms are expected to be controlled by the modulated entropy since
Nevertheless, as Ψ = O(|v| 3 ) as |v| → ∞, we need some additional integrability with respect to the v-variable.
The main idea to obtain such refined estimates is to use the control on the relaxation, and more precisely the decomposition
where Π is the projection on hydrodynamic modes, i.e. on Ker L . The explicit formula for Π shows that
for all p < +∞.
On the other hand, using a truncated cross-section, we can obtain a control on the purely kinetic part Π ⊥ ĝ = (ĝ − Π ĝ ). LetL be the linear collision operator associated with the truncated cross-sectionb defined bȳ
Then start from the identity
Using the fact thatL is coercive on (KerL ) ⊥ , we easily obtain that
Using the control of large tails (2.3), we get for all p < 1
provided that is sufficiently small (depending on p), since the moments of f app differ from those of M by quantities of order . We then have
Coupling this last estimate with (3.32) leads finally to
. Proof of Theorem 2.1. Equipped with these preliminary results, we are now able to achieve the proof of Theorem 2.1 in the case when the initial velocity profile is close to local thermodynamic equilibrium, i.e. when
Denote as previously by f app the fluctuation of Maxwellian defined by
Combining Proposition 3.1 and Lemma 3.5 leads to the following inequality
Integrating next this differential inequality leads to 
Indeed the first term in the right-hand side is proved to converge to 0 as → 0 then N → ∞ using the identity
together with the assumption on the initial data (3.35) and the convergence statement (3.15)
which implies in particular that
The convergence of the two other terms in the right-hand side of (3.36) is obtained by combining the uniform bound (with respect to and N )
with the convergence statements (3.16) and (3.17)
The entropic convergence (3.37) implies the strong convergence of the fluctuation
, in particular the convergence result stated in the theorem. Indeed we have seen that the L 2 norm of
is bounded by the square-root of the modulated entropy 1 2 H (f |f app ). Thus, using the decomposition (3.28), we get
as → 0 then N → ∞, and finally
as → 0. 2 Remark 3.7. As mentioned in Remark 3.4, the final argument presented in this paragraph can be extended to the case of unbounded domains -replacing
Taking into account the Knudsen layer
The modulated entropy inequality
For general initial data, the purely kinetic part of the solution to the Boltzmann equation is expected to converge to 0 exponentially in time, in particular in
In order to consider the relaxation process in the relative entropy method, one thus has to construct a refined approximation f app , and then to introduce it in the modulated entropy inequality (3.2). This requires in particular to also modulate the entropy dissipation. 
Then, the solution to the scaled Boltzmann equation (2.2) satisfies the following modulated entropy inequality
where g denotes the fluctuation
and D(f |f app ) is the modulated entropy dissipation defined by
Remark 4.2. Note that the integrand arising in the definition of the modulated entropy dissipation is always nonnegative, which is crucial to get some stability. We have indeed
where k is the convex function defined by k(z) = (z − 1) log z. This has naturally to be compared with the definition (1.1) of the modulated entropy
Proof. Start from the entropy inequality (3.3) satisfied by the solution of the scaled Boltzmann equation with specular reflection at the boundary:
By definition of the modulated entropy (1.1), we then have
using the specular reflection on the boundary for f and f app . Now, for solutions of the Boltzmann equation satisfying (2.3), the collision term Q(f , f ) makes sense, and the kinetic equation (2.2) holds in the sense of distributions. We thus have
using the classical symmetries of the collision integrand.
In the same way, we have
Plugging both identities in (4.3) leads then to
which is the expected inequality. 2
Construction of the approximate solution
The next step is to construct a sequence of approximate solutions f app to the family of (homogeneous) relaxation equations
One of the difficulty here is that we further need to control the dependence with respect to the spatial variable x, to get some uniform bound on
for some τ characterizing the size of the initial layer and some p > 2 to be determined later. More precisely, we have the following
Proposition 4.3. Let f in be some sequence of initial data such that the fluctuations
g in = 1 f in −M M converge entropi- cally to some g in ∈ L 2 (M dv dx), i.e. such that 1 2 H f in M → M g in 2 dx dv, 1 f in − M M → g in in L 1 loc (M dv dx). (4.7)
Then there exists some family f app of nonnegative functions satisfying approximatively the homogeneous Boltzmann equation as
It furthermore satisfies the relaxation estimate 10) and the regularity estimate
for some p > 4.
Proof. In order to build the approximate solution we need, we will start from the solution f N of the homogeneous Boltzmann equation (4.4) with some smooth initial data f in,N , then truncate the contribution of large velocities to get a bound from below on f app .
Step 1: we have therefore to choose some suitable initial data f in,N . In view of Proposition B.2 and the remarks below, in order that f N has good decay properties with respect to v and a smooth dependence with respect to x (which is now a simple parameter), it is enough to impose such conditions on the initial data. We first definẽ
where χ N is a regularizing kernel acting on the space variable x. Note that, because of the entropic convergence of the initial data (4.7), for all fixed N ,
We then define f in,N such that
• it coincides withf in,N if |v| N ;
• it coincides with the Maxwellian M N of same moments asf in,N if |v| 2N ;
• it has the same moments asf in,N .
We further require that f in,N depends smoothly on x, which can be realized by some suitable fluctuation of the local Maxwellian M N for N < |v| < 2N . Using again the entropic convergence of the initial data (4.7), it is then easy to see that
With that choice of f in,N , using (4.7), we get
uniformly in x and , for all α < We have now to check that f N depends smoothly on the space variable x. Start from the equation satisfied by
which can be rewritten using the semi-group U N generated by the collision operator linearized at M N , and Duhamel's formula
From the relaxation estimate (4.13), we deduce that
Extending -by a simple change of variables -the continuity estimates of Proposition B.1 to the semi-group U N , and using standard continuity estimates for the quadratic operator (see for instance the lemma in Appendix B.2), we then obtain by Gronwall's lemma 14) with C N depending on N , α and r but not on .
Step 2: in order to have a bound from below on f app , we then need to truncate large velocities as follows
so that, using the bound (4.13)
for sufficiently small, provided that
Of course, the same argument provides also a bound from above, so that
Note that, for sufficiently small,
The regularity estimate (4.14) is also clearly inherited by f app :
which implies in particular (4.11).
In the same way, we deduce from (4.13) the following relaxation estimate for f app :
Combined with the L ∞ bound (4.16), it leads to
ds C N tends to 0 as → 0, then N → ∞. We have therefore proved the relaxation statement (4.10). However the homogeneous Boltzmann equation (4.4) is no longer satisfied: it remains then to check that it is satisfied in some approximate sense.
We have
Using the bound from below (4.16) and the decay estimate (4.13), we get
for some α < α, which proves that the first term in the right-hand side of (4.18) goes to zero at least like O( 3 ) as → 0 for any fixed N , provided that
for some α < α, which proves that the second term in the right-hand side of (4.18) goes to zero at least like O( 3 ) as → 0 for any fixed N . We therefore choose some K satisfying both conditions (4.15) and (4.19), which is possible provided that α , and thus α are sufficiently close to 
Convergence proof
The previous estimates on the sequence of approximate solutions to
should allow to control the different terms in the entropy inequality (4.1) provided that the fluctuation g can be estimated in terms of the scaled relative entropy Then the fluctuation g defined by
is controlled by the modulated entropy as follows: for all p <
Proof. We first recall from the previous section that the renormalized fluctuationĝ defined bŷ
is controlled in L 2 norm by the modulated entropy
From the control on large tails (2.3), we get for all q < 4
provided that is sufficiently small (depending on q): indeed f app is bounded from below by M N and the moments of M N differ from those of M by quantities of order . Therefore,
Using the identity
we get the expected inequality, meaning that the relative entropy controls some spatial L 2 norm of the fluctuation. 2
Proof of Theorem 2.1. Equipped with these preliminary results, we are now able to achieve the proof of Theorem 2.1 in the general case. Actually we will prove that on a thin time layer, the distribution becomes close to local thermodynamic equilibrium in the following sense
Then, we will use the results of the previous section, combined with the continuity with respect to time of the solutions to the system (3.11), to obtain the convergence on the time interval [τ , T * ).
Step 1: combining Proposition 4.1 and Lemma 4.4 leads to the following inequality
Integrating next this differential inequality leads to
where χ app is the function defined by
ds.
Plugging the approximate solution f app built in Proposition 4.3 in Gronwall's inequality (4.20) leads then to
for any τ such that q+1 τ → 0 and τ → 0.
Indeed the first term in the right-hand side of (4.20) is proved to converge to 0 as → 0 using the convergence of the initial data (4.17) and the uniform bound (4.10):
The convergence of the other term in the right-hand side of (4.20) is obtained by combining the uniform bound (4.10) with the convergence statement (4.8) and the regularity estimate (4.11)
Step 2: we choose for instance τ = q and we definef app bỹ
with the following continuity condition for the moments
Combining Proposition 3.1 and Lemma 3.5, and integrating the resulting differential inequality on [τ , t] leads to 
, from which we deduce that 1
Step 3: the entropic convergences (4.21), (4.23) imply the strong convergence of the fluctuation
, in particular the convergence result stated in the theorem. Indeed we have seen that the L 2 norm of the renormalized fluctuationĝ is bounded by the square-root of the modulated entropy 1 2 H (f |f app ). Thus, using the decomposition (3.28), we get
Finally, using the fact that the purely kinetic part of the approximate solution is equal to 0 on [τ , T * ) and converges to 0 in
Appendix A. Spectral study of the acoustic operator
A.1. Spectrum of W
The acoustic waves are governed by the pseudodifferential operator W defined by
which is skew-symmetric on L 2 (Ω) equipped with the norm
Let us first describe its spectrum:
if and only if -either λ = 0 and
That means that -on the orthogonal of its kernel -W has the same spectral structure as the Laplacian with Neumann boundary condition.
In the case when Ω is a smooth bounded domain, there exists an Hilbertian basis (ϕ n ) n∈I of L 2 (Ω) such that −Δ x ϕ n = μ n ϕ n with n · ∇ x ϕ n = 0 on ∂Ω with μ n > 0 for n ∈ N * , and
It is then easy to check that Proposition A.1. The family (ψ n ) n∈Z defined by
is an Hilbertian basis of (Ker W ) ⊥ .
Remark. In the case when Ω is a smooth unbounded domain, the Laplacian has also continuous spectrum, and the following spectral decomposition (of Fourier type) holds
where m is the spectral measure of the Laplacian on ]0, +∞[, andφ denotes the harmonic component of ϕ.
We could then have an explicit formula for W in terms of the spectral measure m.
A.2. Suitable functional spaces
An explicit computation shows that
where P denotes the Leray projection on divergence-free vector fields (satisfying Neumann's boundary condition). In particular, Π 0 is continuous on H s (Ω), and we have
On (Ker W ) ⊥ , as the spectral decomposition according to W corresponds to the spectral decomposition according to the Laplacian, we have
Both results imply that
A.3. Well-posedness and stability of (3.19) 
in the case of bounded domains
Let us now state the main result regarding the local existence of solutions to the filtered acoustic system.
where the quadratic operator B W is defined by (3.20) , has a unique strong solution
Proof. We recall briefly the strategy to build solutions to (3.19) , and more generally to hyperbolic equations such as the incompressible Euler equations (see [9] for instance for a detailed proof). The first step is to define a suitable approximation scheme by projecting the equation on a finite-dimensional subset of C ∞ (Ω). Here we will consider the projection
where Π 0,N is the composition of Π 0 and of the projection on the N first harmonics (note that both operators commute). The Cauchy problem for
is then solved using the Cauchy-Lipschitz theorem. We will denote by ψ N the solution to that N th approximate system. The next step is to establish some stability inequality (uniform with respect to N ) , which comes actually from a precised energy estimate. For the sake of simplicity we will not mention the superscript N of ψ N in the intermediate computations. We actually prove 
C T for all T < T * . In the same way, we have
(Note that the higher order terms disappear due to the conservative properties of B and to the symmetries of the resonance condition λ k 1 + λ k 2 = λ k , which extends a classical result on the commutator in pseudo-differential calculus.) Using the Cauchy-Schwarz inequality, we then obtain
Since, for λ = 0
the crucial point to conclude is the summability condition
which implies that, for all s > 
The last step is to take limits as N → ∞ using the previous uniform bounds. As the lifespan T * of the approximate solutions and the local (in time) bound in H s (Ω) depend only on the H s norm of the initial data, the sequence of approximate solutions admits some weak limit.
By Sobolev embeddings, we further get some strong compactness on the sequence of approximate solutions, which allows to take limits in the evolution equation and gives the existence of a solution ψ to
The uniqueness is obtained by rewriting the precised energy estimate for the difference between two solutions, which leads to some stability inequality in H s (Ω). 2
Appendix B. Study of the homogeneous relaxation equation
In order to derive rigorously hydrodynamic limits of the Boltzmann equation, we need to understand the effects of the relaxation process, especially to establish quantitative variants of the mechanism of decreasing of the entropy.
As we restrict our attention to fluctuations around some global equilibrium (say around the centered reduced Gaussian M), the relaxation towards local thermodynamic equilibrium is essentially governed by the linearized collision operator L defined by
The quadratic part of the collision operator Q defined by
is indeed expected to act as a corrector.
B.1. Refined estimates on the linearized collision operator L
We first recall that L is a compact perturbation of some multiplication operator:
Lemma. (See [21] .) Assume that b satisfies Grad's cut-off assumption (1.5) for some β ∈ [0, 1]. Then the linearized collision operator L can be decomposed as
where K is a compact integral operator on L 2 (M dv) and ν = ν(|v|) is a scalar called the collision frequency that satisfies, for some nonnegative ν − , ν + ,
The proof of that result is based on a clever change of variables sometimes called "Carleman's collision parametrization" although it goes back to Hilbert [21] . The compactness of K is then obtained by proving that its iterated kernel belongs to L 2 .
As a consequence of that result, we get in particular the following coercivity estimate:
and nullspace
Moreover the following coercivity estimate holds: there exists
In order to obtain the required regularity estimates on the solution to the linear relaxation equation
we need some additional properties of the compact part K of L. These properties have been studied in detail by Grad in his fundamental paper [16] , and later improved by Caflisch [6] . 
Then, the solution g to the linear relaxation equation (B.1) converges exponentially to 0: there exist some nonnegative constants C, γ (depending only on α and r) such that
Proof. Since L is a Fredholm operator on L 2 (Mdv), it generates a semi-group that we will denote U in all the sequel. In particular g(τ ) = U(τ )g in is well-defined for all τ 0.
• From the energy inequality
and the coercivity estimate, we deduce by Gronwall's lemma
But we also have
We therefore get the expected exponential decay in the space L 2 (M dv).
• It remains then to obtain some exponential decay with respect to v when α < 1 2 . Using Hilbert's decomposition of L and Duhamel's formula, we obtain
We then have 
and thus, using the continuity results stated in the previous lemma, we deduce
Plugging this last estimate in (B.3), using (B.2) and choosing γ < min(ν − , c) we obtain
Choose |v 0 | 2 large enough so that C/(1
B.2. Well-posedness and stability of the homogeneous Boltzmann equation
For the study of the nonlinear relaxation equation
which can be rewritten in perturbative form
we further need to control the contribution of the nonlinear effects. A simple computation which can be found for instance in [5] leads to the following statement: 
and 
Proof. The global existence result is based on Duhamel's formula and on Picard's fixed point theorem. Indeed the Boltzmann equation (B.4) can be reduced to the integral equation 5) where the functional N is defined by
The global well-posedness of the Cauchy problem for (B.4) is then established by proving that N is a contraction in a ball of
The relaxation estimate is obtained in the same way, considering some weighted spaces with exponential decay with respect to time.
More precisely, we consider the following norm
for some nonnegative γ to be fixed later.
• Applying Proposition B.1 gives directly an estimate for the first term
provided that γ is smaller than the linear relaxation constant γ α,r .
• To control the second term is much more difficult since an inverse power of ν appears in the continuity estimate on Q. In order to improve the integrability with respect to v, we therefore go back to Hilbert's decomposition:
From the continuity estimate on Q we then deduce
Using further the continuity of U and the continuity of K we get, provided that r − β 0, We then conclude by Picard's fixed point theorem. 2
Remarks.
(i) Note that, as a consequence of that proof, we also get that the solution to the nonlinear homogeneous Boltzmann equation (B.4) depends Lipschitz continuously of the initial data provided that it belongs to the ball of radius a 0 . (ii) As the mass, momentum and kinetic energy are conserved by the homogeneous Boltzmann equation, up to some Galilean change of variables, we can extend the previous result to the case when
All the constants involved in the estimates we have established will depend smoothly on the thermodynamic parameters R, U and Θ, and thus it will be possible to make them uniform for (R, U, Θ) in a ball around (1, 0, 1).
Appendix C. Formal derivation of the incompressible Euler asymptotics
For the sake of completeness, we recall here the formal expansions leading to the incompressible Euler limit. Note that it has been only recently observed ( [1] for time independent problems and [2, 11] for time dependent problems) that, under convenient scaling, incompressible equations could be directly derived from the Boltzmann equation.
Our starting point is the nondimensional Boltzmann equation:
where Ma denotes the Mach number (measuring the compressibility of the fluid) and Kn is the Knudsen number, defined as the ratio between the mean free path and the observation length scale. The precise formulation of the collision operator Q will not be useful for the sequel of our presentation. What is needed is the physics encoded in this mathematical operator. Because collisions are assumed to be elastic, Q has some symmetry properties leading to the following identities
In particular, integrating the kinetic equation (C.1) against 1, v and 1 2 |v| 2 , we recover the local conservations of mass, momentum and energy, or in other words the first principle of thermodynamics.
Using the same symmetries, we also obtain
and thus the local decay of entropy (note that the mathematical entropy is the opposite of the physical entropy!):
We therefore obtain a Lyapunov functional for the Boltzmann equation, which expresses the irreversibility predicted by the second principle of thermodynamics.
Collisions are responsible of that relaxation process: each elementary process looses some information on the precise microscopic configuration that is realized, so that the global effect of collisions is to increase the uncertainty. The asymptotic distribution, which minimizes the entropy, and cancels the entropy dissipation
is the Gaussian having the same mass R = f dv, momentum RU = f v dv and energy 
C.1. The incompressible inviscid regime
In the fast relaxation limit, i.e. when the Knudsen number Kn tends to zero, we thus expect the gas to be at local thermodynamic equilibrium. The distribution f is therefore completely determined by the macroscopic quantities R = R(t, x), U = U(t, x) and Θ = Θ(t, x).
Let us first recall that, at leading order with respect to the Knudsen number Kn, the hydrodynamic equations, obtained from the local conservation laws replacing f by the corresponding local Maxwellian Note that, for perfect gases (i.e. for all gases which can be described by Boltzmann's equation), the Von Karmann's relation states Re = Ma Kn so that all features of the fluid are completely determined by the two nondimensional parameters Ma and Kn (see [1] for more details).
C.2. Taking limits as → 0
In all the sequel we are interested in the regimes leading to the incompressible Euler equations: we will thus choose Ma = , Kn = q with q > 1, meaning in particular that U/ √ Θ = O( ), and we consider the limit → 0. We will further restrict our attention to the homogeneous case, in the sense that the density R and temperature Θ will be assumed to be fluctuations of order around their equilibrium values, say without loss of generality around 1. Denoting by ρ, u and θ the fluctuations of mass, momentum and temperature, and plugging the expansions 
The point is that the mathematical theory of that system is not so well understood as for (C.6), (C.7). Furthermore the asymptotic analysis would require to control quantities of different sizes (namely R = O(1), Θ = O(1) and U = O( )), and thus to introduce new mathematical tools.
